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Abstract
Solvabilities of generalized vector variational-type inequalities (GVVTI) are discussed in this work. First, the solvability of
GVVTI without monotone assumption for mappings is considered in (reflexive) Banach spaces by using Brouwer fixed point
theorem (Browder fixed point theorem). Second, the solvability of GVVTI with monotone assumption for mappings is considered
in reflexive Banach spaces by using Ky Fan lemma.
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1. Introduction
In [1], Giannessi first introduced vector variational inequality (VVI) in a finite-dimensional vector space. Since
then, VVI has been extensively studied in a general setting by many authors, see [1–7]. Recently, Fang and Huang [8]
obtained some existences of solution for a class of strong vector variational inequalities and partly answered open
problem raised by Chen and Hou [2].
In 1980, Parida et al. [9] developed a theory for the existence of a solution of variational-like inequalities and
showed the relationship between variational-like inequality problem and a mathematical programming problem. A
variational-like inequality, which is useful and important generalization of the ordinary variational inequality has
been extensively studied by many authors, see [9–11] and the references therein. The problem of vector variational-
like inequalities is also one of the recent generalization of vector variational inequalities studied by many authors,
see [12–15] and the references therein. On the other hand, recently in [16], the authors considered scalar variational-
type inequalities for pseudomonotone-type set-valued mappings in nonreflexive Banach spaces.
The main objective of this work is to present some further findings concerning the work [3,7,9,10,17] in the
area of solvability for the vector variational-type inequalities in Banach spaces. We obtain the existence theorems
of solutions for GVVTI without monotonicity in Banach spaces by using Brouwer fixed point theorem and Browder
fixed point theorem. We also prove the solvability for the GVVTI with monotonicity by using Ky Fan lemma. Our
results generalize those in [3] and proofs of them are based on those in [3].
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Let X and Y be two real Banach spaces, K ⊂ X be a nonempty closed and convex set and C ⊂ Y be a closed
convex and pointed cone with apex at the origin. Recall that C is said to be a closed convex and pointed cone with its
apex at the origin iff C is closed and the following conditions hold:
(i) λC ⊂ C , for all λ > 0;
(ii) C + C ⊂ C ;
(iii) C ∩ (−C) = {0}.
Given C in Y , we can define relations “≤C” and “6≤C” as follows:
x ≤C y ⇔ y − x ∈ C
and
x 6≤C y ⇔ y − x 6∈ C.
If “≤C” is a partial order, then (Y,≤C ) is called a Banach space ordered by C . Let L(X, Y ) denote the space of all
continuous linear mappings from X into Y and T : K → L(X, Y ) be a nonlinear mapping.
Definition 1.1. A generalized vector variational-type inequality (GVVTI) is to find a vector x ∈ K satisfying
〈T (x), η(y, x)〉 + f (y, x) 6≤C\{0} 0, for all y ∈ K ,
where a 6≤C\{0} b means b − a 6∈ C \ {0} and f : K × K → Y and η : K × K → X are mappings.
Definition 1.2. A generalized weak vector variational-like inequality (G-WVVTI) is to find a vector x ∈ K satisfying
〈T (x), η(y, x)〉 + f (y, x) 6≤intC 0, for all y ∈ K ,
where int C is the interior of C and a 6≤intC b means b − a 6∈ int C .
2. Main results
In this section, firstly, the solvability of GVVTI without monotone assumption for mappings is considered in
(reflexive) Banach spaces by using Brouwer fixed point theorem (Browder fixed point theorem). Secondly, the
solvability of GVVTI with monotone assumption for mappings in reflexive Banach spaces is considered by using
Ky Fan lemma. Moreover, the properties of nonempty subset K of Banach spaces are key important, where T is a
nonlinear mapping.
Theorem 2.1. Let K be a nonempty compact convex subset of a real Banach space X, Y be a real Banach space
ordered by a nonempty convex cone C with apex at the origin and int C 6= ∅. Suppose that T : K → L(X, Y ) is a
nonlinear mapping such that for every y ∈ K, the set {x ∈ K : 〈T (x), η(y, x)〉 + f (y, x)≤C\{0} 0} is open in K .
Assume that for each y ∈ K , x → η(x, y) and x → f (x, y) are affine, η(x, y) + η(y, x) = 0 and
f (x, y)+ f (y, x) = 0 for all x ∈ K . Then GVVTI is solvable.
Proof. If GVVTI is unsolvable, then for every y ∈ K , there exists some x0 ∈ K such that
〈T (y), η(x0, y)〉 + f (x0, y)≤C\{0} 0. (2.1)
For every y ∈ K , define a set
Ny = {x ∈ K : 〈T (x), η(y, x)〉 + f (y, x)≤C\{0} 0}. (2.2)
Since each Ny is open in K and
⋃
y∈K Ny = K , {Ny : y ∈ K } is an open cover of K . Since K is compact, there
exists a finite set {y1, y2, . . . , yn} ⊂ K such that
K =
n⋃
j=1
Ny j .
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So there exists a continuous partition of a unity {β1, β2, . . . , βn} subordinate to {Ny1 , Ny2 , . . . , Nyn } such that for
all x ∈ K , β j (x) ≥ 0, j = 1, 2, . . . , n,∑nj=1 β j (x) = 1, and β j (x) = 0 for x 6∈ Ny j , β j (x) > 0 for x ∈ Ny j . Let
p : K → K be a mapping defined by
p(x) =
n∑
j=1
β j (x)y j for x ∈ K .
Let S = co{y1, y2, . . . , yn}, then S is a simplex of a finite dimensional space in K . Since p is a continuous mapping
from S into S, by Brouwer’s fixed point theorem [18], there exists some x0 ∈ S such that p(x0) = x0.
Define a mapping q : K → Y by
q(x) = 〈T (x), η(p(x), x)〉 + f (p(x), x)
=
〈
T (x), η
(
n∑
j=1
β j (x)y j , x
)〉
+ f
(
n∑
j=1
β j (x)y j , x
)
=
n∑
j=1
β j (x)〈T (x), η(y j , x)〉 +
n∑
j=1
β j (x) f (y j , x)
=
n∑
j=1
β j (x)
[〈T (x), η(y j , x)〉 + f (y j , x)] , for x ∈ K . (2.3)
For any given x ∈ K , let N0 = { j : x ∈ Ny j } = { j : β j (x) > 0}.
Obviously, N0 6= ∅. It follows from (2.2) and (2.3) that
q(x) =
∑
j∈N0
β j (x)
[〈T (x), η(y j , x)〉 + f (y j , x)]≤C\{0} 0, for all x ∈ K .
However since x0 ∈ S ⊂ K is a fixed point of p, from (2.3)
q(x0) = 〈T (x0), η(x0, x0)〉 + f (x0, x0) = 0≤C\{0} 0,
which is a contradiction. So GVVTI is solvable. 
If X is reflexive, the compactness of K in Theorem 2.1 can be replaced by the weak coercivity. In what follows,
for given s ∈ Y ∗ and l ∈ L(X, Y ), consider s ◦ l ∈ X∗ as 〈s ◦ l, x〉 = s(〈l, x〉).
Theorem 2.2. Let K be a nonempty unbounded closed convex subset of a real reflexive Banach space X, Y be a
real Banach space ordered by a nonempty convex cone C with its apex at the origin and int C 6= ∅. Let mappings
x → η(x, ·) and x → f (x, ·) be affine and lower semicontinuous. Furthermore, assume that η(x, y) + η(y, x) = 0
and f (x, y)+ f (y, x) = 0 for x, y ∈ K.
Let T : K → L(X, Y ) be a continuous nonlinear mapping. Suppose that there exists x0 ∈ K and s ∈ { f ∈ Y ∗ :
〈 f, c〉 > 0 for all c ∈ C \ {0}} such that
〈s ◦ T (x)− s ◦ T (x0), η(x, x0)〉 + s( f (x, x0))
‖η(x0, x)‖ → ∞, (2.4)
whenever x ∈ K and ‖x‖ → ∞. Then GVVTI is solvable.
Proof. First, we prove the following; if x0 satisfies the following variational inequality:
〈s ◦ T (x0), η(y, x0)〉 + s( f (y, x0)) ≥ 0, for all y ∈ K , (2.5)
then x0 is also a solution to the GVVTI.
Indeed, assume that x0 is not a solution to the GVVTI, then there exists some y ∈ K such that
〈T (x0), η(y, x0)〉 + f (y, x0)≤C\{0} 0.
Since s ∈ { f ∈ Y ∗ : 〈 f, c〉 > 0 for all c ∈ C \ {0}} and
〈T (x0), η(x0, y)〉 + f (x0, y) = −[〈T (x0), η(y, x0)〉 + f (y, x0)] ∈ C \ {0},
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it follows that
s[〈T (x0), η(x0, y)〉 + f (x0, y)] = 〈s ◦ T (x0), η(x0, y)〉 + s( f (y, x0)) > 0.
Thus
〈s ◦ T (x0), η(y, x0)〉 + s( f (y, x0)) < 0,
for some y ∈ K . This implies that x0 is not a solution of the variational inequality (2.5).
Obviously, it is sufficient to prove that problem (2.5) is solvable. Let Br denote the closed ball with its centre at the
origin and radius r in X . By the extension of Browder’s result in [19], there exists xr ∈ K ∩ Br such that
〈s ◦ T (xr ), η(y, xr )〉 + s( f (y, xr )) ≥ 0, for all y ∈ K ∩ Br . (2.6)
Choose r ≥ ‖x0‖ with x0 as in condition (2.4) it follows from (2.6) that
〈s ◦ T (xr ), η(x0, xr )〉 + s( f (x0, xr )) ≥ 0. (2.7)
Moreover,
〈s ◦ T (xr ), η(x0, xr )〉 + s( f (x0, xr ))
= −〈s ◦ T (xr )− s ◦ T (x0), η(xr , x0)〉 + s( f (x0, xr ))+ 〈s ◦ T (x0), η(x0, xr )〉
≤ −〈s ◦ T (xr )− s ◦ T (x0), η(xr , x0)〉 + s( f (x0, xr ))+ ‖s ◦ T (x0)‖‖η(x0, xr )‖
= ‖η(xr , x0)‖
(−〈s ◦ T (xr )− s ◦ T (x0), η(xr , x0)〉 + s( f (xr , x0))
‖η(xr , x0)‖ + ‖s ◦ T (x0)‖
)
. (2.8)
If ‖xr‖ = r for all r , it follows from (2.4) and (2.8) that
〈s ◦ T (xr ), η(x0, xr )〉 + s( f (x0, xr )) < 0,
for r large enough, which contradicts (2.7). Hence there exists some r such that ‖xr‖ < r . For every x ∈ K , we can
choose  > 0 small enough so that xr + (x − xr ) ∈ K ∩ Br and thus
〈s ◦ T (xr ), η(xr + (x − xr ), xr )〉 + s( f (xr + (x − xr ), xr )) ≥ 0.
Thus
〈s ◦ T (xr ), η(εx + (1− ε)xr , xr )〉 + s( f (εx + (1− ε)xr , xr )) = 〈s ◦ T (xr ), η(εx, xr )〉 + s( f (εx, xr )) ≥ 0.
Hence we have
〈s ◦ T (xr ), η(x, xr )〉 + s( f (x, xr )) ≥ 0.
Therefore xr is a solution of problem GVVTI. 
Theorems 2.1 and 2.2 present the solvability of GVVTI without monotonicity. In the following, we prove the
solvability of GVVTI under some suitable generalized monotonicity by using Ky Fan lemma.
Definition 2.1. A mapping T : K → L(X, Y ) is said to be pseudomonotone if for any x, y ∈ K ,
〈T (x), η(y, x)〉 + f (y, x) 6≤C\{0} 0⇒ 〈T (y), η(y, x)〉 + f (y, x)≥C 0.
Definition 2.2. A mapping T : K → L(X, Y ) is said to be η-hemicontinuous if for any x, y ∈ K , the mapping
t → 〈T x + t (y − x), η(y, x)〉 is continuous at 0+.
Lemma 2.1 ([20] Ky Fan Lemma). Let K be a nonempty closed convex subset of a Hausdorff topological vector
space and F : K → 2K be a multivalued mapping. Suppose that for any finite set {x1, x2, . . . , xn} ⊂ K, one has
co{x1, x2, . . . , xn} ⊂ ⋃ni=1 F(xi ) (i.e., F is a KKM mapping). If F(x) is closed for each x ∈ K and compact for
some x ∈ K, then⋂
x∈K
F(x) 6= ∅.
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Lemma 2.2. Let K be a nonempty closed convex subset of a real Banach space X and Y be a real Banach space
ordered by a pointed closed convex cone C with its apex at the origin and int C 6= ∅. Let η : K × K → X be a
mapping and f : K × K → R∪ {+∞} be a proper functional such that x → η(x, ·) and x → f (x, ·) are affine and
lower semicontinuous. Furthermore, assume that η(x, y)+ η(y, x) = 0 and f (x, y)+ f (y, x) = 0 for x, y ∈ K.
Let T : K → L(X, Y ) be a η-hemicontinuous pseudomonotone mapping then for any given x0 ∈ K
〈T (x0), η(y, x0)〉 + f (y, x0) 6≤C\{0} 0, for all y ∈ K (2.9)
if and only if
〈T (y), η(y, x0)〉 + f (y, x0)≥C 0, for all y ∈ K . (2.10)
Proof. If x0 ∈ K satisfies (2.9), then by the pseudomonotonicity of T (2.10) holds.
Conversely, suppose that x0 ∈ K satisfies (2.10).
Let z = t y + (1− t)x0 ∈ K , t ∈ [0, 1]. Substituting z = t y + (1− t)x0 into (2.10), we have
t (〈T (x0 + t (y − x0)), η(y, x0)〉 + f (y, x0))≥C 0.
By the η-hemicontinuity of T , we have
〈T (x0), η(y, x0)〉 + f (y, x0)≥C 0, for all y ∈ K .
Hence
〈T (x0), η(y, x0)〉 + f (y, x0) 6≤C\{0} 0, for all y ∈ K . 
Theorem 2.3. Let K be a nonempty bounded closed convex subset of a real reflexive Banach space X and Y be a
real Banach space ordered by a pointed, closed convex cone C with its apex at the origin and int C 6= ∅. Assume that
η : K × K → X be a mapping and f : K × K → R ∪ {+∞} a functional. Let two mappings x → η(x, ·) and
x → f (x, ·) are affine. Furthermore, assume that η(x, y) + η(y, x) = 0 and f (x, y) + f (y, x) = 0 for x, y ∈ K.
Let T : K → L(X, Y ) be a η-hemicontinuous pseudomonotone mapping. Then GVVTI is solvable.
Proof. Define mappings F,G : K → 2K by
F(v) = {u ∈ K : 〈T (u), η(v, u)〉 + f (v, u) 6≤C\{0} 0}, for all v ∈ K
and
G(v) = {u ∈ K : 〈T (v), η(v, u)〉 + f (v, u)≥C 0}, for all v ∈ K .
Obviously, v ∈ F(v) ∩ G(v) for all v ∈ K . Furthermore G(v) is bounded, convex and closed in K . Since T is
η-hemicontinuous and pseudomonotone, it follows from Lemma 2.2, that
F(v) ⊂ G(v) for all v ∈ K
and ⋂
v∈K
F(v) =
⋂
v∈K
G(v).
Now we show that G is a KKM mapping by proving that F is a KKM mapping. Indeed, assume that F is not a
KKM mapping, then there exist x, x1, . . . , xn ∈ K , ti ≥ 0 (i = 1, 2, . . . , n) with∑ni=1 ti = 1 and x = ∑ni=1 ti xi
such that
x 6∈ F(xi ), i = 1, 2, . . . , n.
That is,
〈T (x), η(xi , x)〉 + f (xi , x)≤C\{0} 0, i = 1, 2, . . . , n.
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It follows that
0 = 〈T (x), η(x, x)〉 + f (x, x)
=
n∑
i=1
ti 〈T (x), η(xi , x)〉 + f (xi , x)≤C\{0} 0,
which is a contradiction. Hence, F is a KKM mapping and so is G. Since X is reflexive, G(v) is weakly compact. It
follows from Lemma 2.1 that⋂
v∈K
F(v) =
⋂
v∈K
G(v) 6= ∅,
which implies that there exists u ∈ K such that
〈T (u), η(v, u)〉 + f (v, u) 6≤C\{0} 0, for all v ∈ K . 
Remark 2.1. If we take η(v, u) = v − u and f ≡ 0, then we obtain Theorems 2.1, 2.2 and 2.3 of [3] as corollaries.
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